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EXTENSIONS OF REPRESENTABLE POSITIVE LINEAR
FUNCTIONALS TO UNITIZED QUASI *-ALGEBRAS
GIORGIA BELLOMONTE
Abstract. It is known that, under certain conditions, *-representability
and extensibility to the unitized *-algebra of a positive linear functional,
defined on a *-algebra without unit, are equivalent. In this paper, a new
condition for an analogous result is given for the case of a hermitian lin-
ear functional defined on a quasi *-algebra (A,A0) without unit.
1. Introduction
The study of linear positive functionals on *-algebras and their *-representabi-
lity has been undertaken since the 1970s. In [8], Powers proved that, if ω is
a positive linear functional on a *-algebra A with unit, it is possible to con-
struct a closed strongly cyclic *-representation π of A on a Hilbert space H,
generalizing, in this way, the well known GNS construction for C∗-algebras
to nontopological *-algebras. But a positive linear functional on a *-algebra
without unit does not extends automatically to a positive linear functional
on the unitization.
In the 1980s, several authors (see [7] and references therein), improv-
ing [9], showed that a positive linear functional on a *-algebra A without
unit can be extended to a positive linear functional ωe on its unitization
A
e = A ⊕ C if, and only if, it is hermitian, i.e., ω(a∗) = ω(a), ∀a ∈ A and
Hilbert bounded, i.e. there exists δ > 0 such that |ω(a)|2 ≤ δω(a∗a), for
every a ∈ A. Hence the result of Powers applies to the extension ωe, and
then the linear positive functional ω is *-representable, too.
Contrary to the case of *-algebras, a positive linear functional defined
on a quasi *-algebra (A,A0) with unit is not automatically representable.
For this reason, if (A,A0) has no unit, the notion of extensibility has to be
modified: a positive linear functional ω will be called extensible if it is the
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restriction to (A⊕{0},A0 ⊕{0}) of some representable positive linear func-
tional ωe defined on the unitization (Ae,Ae0).
Representability of a positive linear functional on a quasi *-algebra is a
topical problem, see e.g. [6, 2], and it is of a certain interest in some appli-
cation see, for instance, [3] and references therein. In this paper, starting
from a hermitian linear functional ω defined on a quasi *-algebra (A,A0)
without unit, we study under what conditions it is possible to extend ω
to a representable linear functional, defined on a quasi *-algebra with unit,
possibly the whole unitization of (A,A0). Section 2 is devoted to recall the
main definitions and results about the subject. In Section 3, once defined
the extension ωe((x, η)) := ω(x) + ηγ, γ ∈ R+, to the unitization of (A,A0),
we give a new condition on ω to make the extension ωe to the unitized quasi
*-algebra (Ae,Ae0) (or to a quasi *-algebra with unit contained in (A
e,Ae0))
representable; this new condition is quite natural, in fact we prove that
it reduces to Hilbert boundedness on A0; moreover if (A,A0) has a unit,
then this condition is automatically fulfilled, hence, under this condition,
representability of ω and its extensibility are equivalent.
2. Definitions and known results
Let D be a dense subspace of Hilbert spaceH. We denote by L†(D,H) the
set of all (closable) linear operators X such that D(X) = D, D(X∗) ⊇ D.
The set L†(D,H) is a partial *-algebra (see [1]), i.e. it is a complex vector
space with respect to the usual sum X1 +X2 and the scalar multiplication
λX, with a conjugate linear involution X → X† = X∗ ↾ D and a distributive
partial multiplication: the (weak) partial multiplication X1✷X2 = X
†∗
1 X2,
defined whenever X2 is a weak right multiplier of X1 (equivalently, X1 is a
weak left multiplier of X2), that is, iff X2D ⊂ D(X†∗1 ) and X†1D ⊂ D(X∗2 )
(we write X2 ∈ Rw(X1) or X1 ∈ Lw(X2)). We denote with L†(D) the
subspace of L†(D,H) all closable operators A in H such that AD ⊆ D,
A†D ⊆ D. This space with this involution and the multiplication ✷, is a
*-algebra and A1✷A2ξ = A1(A2ξ) for every ξ ∈ D [10].
A quasi *-algebra is a couple (A,A0), where A is a vector space with in-
volution ∗, A0 is a *-algebra and a vector subspace of A and A is an A0-
bimodule whose module operations and involution extend those of A0. A
quasi*-algebra is said topological (resp. locally convex ) if A is a topological
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(resp. locally convex) vector space with topology τ , with continuous involu-
tion ∗, A0 is a dense vector subspace of A[τ ] and the module operations of
A and involution are separately, not necessarily jointly, continuous bilinear
mappings of A0×A and A×A0 to A, where A0 carries the induced topology
of A [1, 10].
A *-representation of a quasi *-algebra (A,A0) is a *-homomorphism π
of A into L†(Dpi,Hpi), for some pair (Dpi,Hpi) with Dpi a dense subspace of
Hilbert space Hpi [1], i.e. a linear map π : A→ L†(Dpi,Hpi) such that:
i) π(x∗) = π(x)†, ∀x ∈ A,
ii) if x ∈ A, a ∈ A0, then π(x) is a weak left multiplier of π(a) and
π(x)✷π(a) = π(xa),
iii) π(a) ∈ L†(Dpi), ∀a ∈ A0.
If (A,A0) has unit e, we assume π(e) = I.
If π is a *-representation of (A,A0) in Dpi, then Dpi can be endowed with
a locally convex topology tpi defined by the family of seminorms x ∈ Dpi 7→
‖π(x)ξ‖, x ∈ A. Put
D(π˜) =
⋂
x∈A
D(π(x))
where π(x) denotes the closure of the operator π(x). Then one defines
π˜(x) := π(x) ↾ D(π˜), x ∈ A. The *-representation π˜ is said the closure of
π. If D(π) = D(π˜) and π = π˜, the representation is said to be closed. If
π is a *-representation of (A,A0) in Dpi, define Dpi∗ =
⋂
x∈AD(π(x)
∗), then
the adjoint representation π∗ is such that π∗(x) = π(x∗)∗ ↾ Dpi∗ , ∀x ∈ A. If
π = π∗, then the *-representation π is said to be self-adjoint.
A *-representation π of (A,A0) is called
• cyclic if there exists a vector ξ ∈ Dpi such that {π(a)ξ; a ∈ A0} is
dense in Hpi;
• strongly cyclic if there exists a vector ξ ∈ Dpi such that {π(a)ξ; a ∈
A0} is dense in Dpi with respect to the topology tpi.
In [11] Trapani gave three conditions for a linear functional ω, defined on
a quasi *-algebra (possibly without unit), to be representable.
A linear functional ω defined on the quasi *-algebra (A,A0), is said to be
representable if
(L.1) ω(a∗a) ≥ 0, ∀a ∈ A0;
(L.2) ω(b∗x∗a) = ω(a∗xb), ∀a, b ∈ A0,∀x ∈ A;
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(L.3) ∀x ∈ A, there exists γx > 0 such that
|ω(x∗a)| ≤ γxω(a∗a)1/2, ∀a ∈ A0.
Let us call λω(a), a ∈ A0, the coset containing a in the space λω(A0) :=
A0/Nω, where Nω = {a ∈ A0 : ω(a∗a) = 0} is a left-ideal of A0. The
quotient λω(A0) is a pre-Hilbert space with inner product 〈λω(a)|λω(b)〉 =
ω(b∗a), a, b ∈ A0. Let Hω be the completion of λω(A0). As proved in [11,
Theorem 3.5 ], even if the quasi *-algebra (A,A0) has not unit conditions
(L.1), (L.2) and (L.3) allow a generalized GNS construction for the quasi
*-algebra (A,A0): there exists a *-representation πω of (A,A0) such that for
any x ∈ A
ω(b∗xa) = 〈πω(x)λω(a)|λω(b)〉,
∀a, b ∈ A0.
If (A,A0) has a unit e, ω admits a closed *-representation π˜ω of (A,A0),
with strongly cyclic vector ξω = λω(e) by completing the domain.
If, in particular, A = A0 is a *-algebra without unit, every positive linear
functional ω on A0 is *-representable in the sense that there exist a subspace
D(πω) ⊂ Hpiω , a closed *-representation πω : A → L†(D(πω)) such that
ω(b∗xa) = 〈πω(x)λω(a)|λω(b)〉,∀a, b, x ∈ A. In this case, properties (L.1)-
(L.3) are automatically satisfied by ω. Moreover, if A possesses the unit,
then ω is cyclically *-representable, i.e. there exists a vector ξω ∈ D(πω)
such that ω(x) = 〈πω(x)ξω|ξω〉, ∀x ∈ A and ξω is strongly cyclic. The
representation πω is unique up to unitary equivalence.
Definition 2.1. Let (A,A0) be a quasi *-algebra without unit, its unitization
is the couple (Ae,Ae0) where A
e = A ⊕ C and Ae0 = A0 ⊕ C. The partial
multiplication of A is extended to Ae as follows
(x, λ) · (a, µ) = (xa+ µx+ λa, λµ), x ∈ A, a ∈ A0, λ, µ ∈ C
and the adjoint of an element (x, η) is
(x, η)∗ = (x∗, η), x ∈ A, η ∈ C.
Together with the usual operations of the direct sum space, the previous
partial multiplication and the involution make (Ae,Ae0) into a quasi *-algebra
with unit (0, 1) ∈ Ae0.
Definition 2.2. A linear functional ω, defined on a quasi *-algebra (A,A0)
without unit is called extensible if ω is equal to the restriction to
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(A⊕{0},A0⊕{0}) of some representable linear functional ωe defined on the
unitization (Ae,Ae0).
Before going forth, let us show that, in general, a representable positive
linear functional ω defined on a quasi*-algebra (A,A0) without unit is not
automatically extensible. In some cases it is not even possible to extend its
restriction ω ↾ A0 to the unitization of the *-algebra A0, as the in following
example.
Example 2.3. Let (A,A0) = (L
1(R)
⋂
L2(R), C0(R)). It is a quasi *-
algebra without unit. Let us consider the functional
ω(f) =
∫
R
f(x)dx, f ∈ L1(R)
⋂
L2(R).
It is easy to see that ω enjoys properties (L.1)-(L.3). Indeed, as for (L.3),
∀f ∈ L1(R)⋂L2(R) and ∀g ∈ C0(R),
|ω(f∗g)| =
∣∣∣ ∫
R
f(x)g(x)dx
∣∣∣ ≤ ‖f‖2‖g‖2 = γfω(g∗g)1/2
Hence ω is representable on L1(R)
⋂
L2(R).
For ω to be extensible to the unitization (L1(R)
⋂
L2(R)) ⊕ C it is nec-
essary that it is extensible to the unitization of C0(R), but this does not
happen; indeed, it is not Hilbert bounded; were it so, one should have
‖ω‖H = sup{|ω(g)|2; g ∈ C0(R), ω(g∗g) = 1} <∞,
but if we take the functions fn(x) ∈ C0(R) with
fn(x) =

nx+ n2 + 1 if x ∈ [−n− 1/n,−n[;
1 if x ∈ [−n, n];
−nx+ n2 + 1, if x ∈]n, n+ 1/n];
0 elsewhere,
we get ω(fn) =
∫
R
fn(x)dx ≥ 2n, |ω(fn)|2 =
∣∣∣ ∫
R
fn(x)dx
∣∣∣ ≥ 4n2 and
ω(f∗nfn) =
∫
R
|fn(x)|2dx ≤
∫ 2n
−2n dx = 4n, hence the quotient
|ω(g)|2
ω(g∗g) > n.
It is thus clear that we cannot extend ω to the unitized quasi *-algebra.
We will maintain the notation of [11].
3. Representable extensions to a unitized quasi *-algebra
Let (A,A0) be a quasi *-algebra without unit and ω be a positive lin-
ear functional defined on (A,A0). Let ω be hermitian (i.e., ω(x
∗) = ω(x),
∀x ∈ A), then (L.2) is automatically satisfied. Assume, in addition, that
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ω0 = ω ↾ A0 is also Hilbert bounded on the *-algebra A0; i.e., the following
property holds
(HB) there exists δ > 0 such that
|ω0(a)|2 ≤ δω0(a∗a), ∀a ∈ A0.
Then ω0 is positive (thus property (L.1) is satisfied).
The Hilbert bound ‖ω0‖H is defined by
‖ω0‖H = sup{|ω0(a)|2; a ∈ A0, ω0(a∗a) ≤ 1};
if A0 has a unit e, then as a simple consequence of the Cauchy-Schwarz
inequality, |ω0(a)|2 ≤ ω0(e)ω0(a∗a), ∀a ∈ A0; i.e. ω0 is Hilbert bounded and
‖ω0‖H = ω0(e).
If (HB) holds true, then it is known that ω0 can be extended to A
e
0; indeed,
the functional ωe0 defined on the unitized *-algebra A
e
0 by
(1) ωe0((a, λ)) = ω0(a) + λγ0, (a, λ) ∈ Ae0
with γ0 ≥ ‖ω0‖H is positive. If ξ is the cyclic vector of the GNS representa-
tion of ωe0, then
(2) |ω0(a)|2 ≤ ‖ξ‖2ω0(a∗a), ∀a ∈ A0
with ‖ξ‖2 = ‖ωe0‖H = ωe0((0, 1)) = γ0 ≥ ‖ω0‖H , then (1) can be rewritten as
ωe0((a, λ)) = ω0(a) + λ‖ξ‖2, (a, λ) ∈ Ae0.
Remark 3.1. If A0 is a C*-algebra without unit and ϑ is a positive func-
tional on A0, then ϑ is automatically Hilbert bounded and therefore extensible
to Ae0 (see, e.g. [5, Corollary 2.3.13]).
Assume now that ω satisfies property (L.3) too. Hence it is representable.
Now we extend ω to Ae, for every (x, η) ∈ Ae by defining1
(3) ωe((x, η)) := ω(x) + ηγ
with γ ≥ ‖ξ‖2.
We want to present some conditions for the representability of ωe. Con-
dition (L.1) holds also for ωe on Ae0; indeed it suffices to observe that
1In order to lighten the notation we do not stress the dependence of ωe on γ; to be
more precise to each γ ≥ ‖ξ‖2 is associated a different extension of ω.
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∀ (a, λ) ∈ Ae0, by using (2) and hermiticity
ωe((a∗, λ) · (a, λ)) = ω(a∗a) + λω(a∗) + λω(a) + |λ|2γ
≥ ω(a∗a)− 2|λ||ω(a)| + |λ|2γ
≥ ω(a∗a)− 2|λ|γ1/2ω(a∗a)1/2 + |λ|2γ
= (ω(a∗a)1/2 − |λ|γ1/2)2 ≥ 0.
Now, the hermiticity of ω implies that ωe is hermitian too. Indeed,
ωe((x∗, η¯)) = ω(x∗) + η¯γ = ω(x) + ηγ = ωe((x, η)), ∀(x, η) ∈ Ae.
As for property (L.3), even if ω is representable, in general it is not true
for ωe, as the following example shows.
Example 3.2. Let us consider the quasi *-algebra (A,A0), where A = ℓ2
is, as usual, the space of square summable complex sequences and A0 the
*-algebra of all finite sequences, i.e.:
A0 := {a = (an) : ∃N ∈ N, an = 0, ∀n > N},
with componentwise multiplication, and let us define a linear functional ω
on ℓ2 by
(4) ω((xn)) =
+∞∑
n=1
xn, (xn) ∈ ℓ2.
As we showed in [4], ω is representable both as functional defined on the
whole quasi *-algebra and if we restrict it on the *-algebra A0. However,
its extension defined as in (3), does not enjoy property (L.3). Indeed, if we
consider x = (xn) with xn = 1/n, ∀n ∈ N, we have, for µ 6= 0 and for all
a ∈ A0
|ωe((x, η)∗·(a, µ))|2 = |ω(x∗a)+µω(x∗)+ηω(a)+ηµγ|2 = |K+µ
+∞∑
n=1
1/n|2 =∞
since K = ω(x∗a) + ηω(a) + ηµγ contains only finite sums.
It is then necessary to introduce a further condition in order that (L.3)
holds for ωe. To do this, let us define
px(ω) := sup{|ω(x∗a)|2 : a ∈ A0, ω(a∗a) = 1}.
The functional x 7→ px(ω)1/2 is a seminorm: indeed,
i) px(ω) ≥ 0 ∀x ∈ A, then px(ω)1/2 ≥ 0,
ii) if x = 0, then px(ω)
1/2 = 0,
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iii) pλx(ω)
1/2 = |λ|px(ω)1/2 ∀x ∈ A, λ ∈ C,
iv) px+y(ω)
1/2 ≤ px(ω)1/2 + py(ω)1/2.
Now we are ready to introduce a necessary and sufficient condition for ω
to be extensible:
(EHB) there exists ζ > 0 such that
|ω(x∗)| ≤ ζpx(ω)1/2, ∀x ∈ A.
Remark 3.3. If (B,B0) is a quasi *-algebra with unit e ∈ B0, then (EHB)
is automatically fulfilled by a positive linear functional ϑ defined on it; in-
deed, for every x ∈ B
|ϑ(x∗)|2 = |ϑ(x∗e)|2 ≤ sup{|ϑ(x∗a)|2 : a ∈ B0, ϑ(a∗a) = 1} = px(ϑ)1/2.
Hence condition (EHB) is necessary for the extensibility of a positive linear
functional ω defined on a quasi *-algebra without unit, to the unitized quasi
*-algebra; moreover, (EHB) is also a sufficient condition for the extensibility
of ω as Proposition 3.5 below shows.
Condition (EHB) is a natural one; indeed, the following lemma holds.
Lemma 3.4. Let us consider a linear functional ω on a quasi *-algebra
(A,A0) and suppose that it enjoys property (L.1). If ω enjoys (EHB), then
it enjoys property (HB) too. The two conditions are equivalent on A0.
Proof. It suffices to prove that properties (HB) and (EHB) coincide on A0.
Let b ∈ A0, then pb(ω) = sup{|ω(b∗a)|2; ω ∈ A0 ω(a∗a) = 1}; by the
Cauchy-Schwarz inequality |ω(b∗a)|2 ≤ ω(b∗b)ω(a∗a) we get that pb(ω) ≤
ω(b∗b). More precisely, the equality holds: indeed, if ω(b∗b) = 0 then
pb(ω) = 0; other-wise take a = b/ω(b
∗b)1/2 ∈ A0; then, ω(a∗a) = 1 and
pb(ω) = ω(b
∗b). 
According the previous lemma, (EHB) extends (HB) to the whole quasi
*-algebra, whence the acronym (EHB).
The main result of this paper then holds.
Proposition 3.5. Let ω be a hermitian linear functional defined on a quasi
*-algebra (A,A0) without unit, such that property (L.3) holds. If (EHB)
holds too, then the extension ωe to the unitized quasi *-algebra (Ae,Ae0) is
cyclically representable, i.e. the functional ω is extensible to the unitized
quasi *-algebra.
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Proof. Let us consider the functional ωe defined in (3). Property (HB) holds
for ω0 = ω ↾ A0 by Lemma 3.4. We have already observed that properties
(L.1) and (L.2) hold for ωe, because of (HB) and the hermiticity of ω. It
remains to verify that, if (L.3) and (EHB) hold for ω, property (L.3) holds
for ωe too. Let us estimate the squared modulus of ωe((x∗, η) · (a, µ))
|ωe((x∗, η) · (a, µ))|2 =
= |ω(x∗a)|2 + |η|2|ω(a)|2 + |µ|2|ω(x∗)|2 + |η|2|µ|2γ2 + 2ℜ(|η|2µγω(a))+
+ 2ℜ
(
[ω(x∗) + ηγ]µω(x∗a) + ηω(a)ω(x∗a) + ηµω(x)ω(a) + η|µ|2γω(x∗)
)
≤ (γ2x + |η|2γ)ω(a∗a) +
(
ζ2px(ω)
γ
+ |η|2γ
)
|µ|2γ + 2|η|2γℜ(µω(a))+
+ 2
[(
ζpx(ω)
1/2 + |η|γ)|µ|γxω(a∗a)1/2 + |η|γ1/2γxω(a∗a)+
+
(
γ1/2ω(a∗a)1/2 + |µ|γ)|η||µ|ζpx(ω)1/2]
≤ (γx + |η|γ1/2)2ω(a∗a) +
(
ζpx(ω)
1/2
γ1/2
+ |η|γ1/2
)2
|µ|2γ + 2|η|2γℜ(µω(a))
+ 2
[(
ζpx(ω)
1/2 + |η|γ)γx + γ1/2|η|ζpx(ω)1/2 + |η|2γ3/2]|µ|ω(a∗a)1/2
≤
[
(γx + |η|γ1/2)ω(a∗a)1/2 +
(
ζpx(ω)
1/2
γ1/2
+ |η|γ1/2
)
|µ|γ1/2
]2
+ 2|η|2γℜ(µω(a)).
Put
K(x,η) := max
{
γx + |η|γ1/2, ζpx(ω)
1/2
γ1/2
+ |η|γ1/2
}
,
and
Γ(x,η) := max{2(K(x,η))2, |η|2γ}.
Then
|ωe((x∗, η) · (a, µ))| ≤ (K(x,η))2
[
ω(a∗a)1/2 + |µ|γ1/2
]2
+ 2|η|2γℜ(µω(a))
≤ 2(K(x,η))2
[
ω(a∗a) + |µ|2γ
]
+ 2|η|2γℜ(µω(a))
≤ Γ(x,η)
[
ω(a∗a) + |µ|2γ + 2ℜ(µω(a))
]
= Γ(x,η)ω
e((a∗, µ) · (a, µ)).
The functional ωe is then representable on the whole (Ae,Ae0). 
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Corollary 3.6. Let ω be a hermitian linear functional defined on a quasi
*-algebra (A,A0) without unit, such that property (EHB) holds. Then the
representability of ω is equivalent to its extensibility.
Example 3.7. A very simple example of the situation described in Propo-
sition 3.5 is obtained by considering the quasi *-algebra (A, C0(R)), with
A = {f ∈ C(R) : ∫
R
|f(x)|e−xdx < ∞}, C0(R) the *-algebra of continu-
ous functions with compact support and the linear functional defined on it
ω(f) = f(0). It is easy to prove that ω is hermitian and that (L.1) and
(L.3) hold. The functional ω enjoys also property (EHB) on A. Indeed,
px(ω) = sup{|ω(f∗g)|2 : g ∈ A0, ω(g∗g) = 1}
= sup{|f(0)g(0)|2 : g ∈ A0, |g(0)|2 = 1} = |f(0)|2.
It is then possible to extend ω to a positive linear functional on the uniti-
zation of (A,A0): ω
e((f, η)) := ω(f) + ηγ = f(0) + ηγ with γ ≥ ‖ξ‖2 ≥
‖ω0‖H = 1.
We are now able to extend a well-known theorem for positive linear func-
tionals on *-algebras without unit, to positive linear functionals defined on
quasi *-algebras without unit, by summarizing the remarks and results given
until now.
Theorem 3.8. Let ω be a linear functional on (A,A0) for which (L.1) holds
and consider the following statements.
(i) ωe : Ae → C defined by
ωe((x, λ)) = ω(x) + γλ , (x, λ) ∈ Ae
is a representable linear functional on Ae, for every γ ≥ ‖ωe0‖H ;
(ii) there exists a *-representation π of A and a vector2 ξ ∈ D(πωe) such
that ω(x) = 〈π(x)ξ|ξ〉, ∀x ∈ A;
(iii) ω is hermitian, enjoys (HB) and for every x ∈ A there exists a vector
ζω(x) ∈ Hω such that
ω(x∗a) = 〈λω(a)|ζω(x)〉, ∀a ∈ A0.
Then the following implications hold
(i)⇒ (ii)⇒ (iii).
2In general, it is not a cyclic vector for pi, but only for piωe a *-representation of ω
e.
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Moreover, if there exists ζ > 0 such that
|ω(x∗)| ≤ ζpx(ω)1/2, ∀x ∈ A
then the three statements (i), (ii) and (iii) are equivalent and also
equivalent to the following ones
(iv) ω is extensible;
(v) ω is hermitian and enjoys property (L.3);
(vi) ω is hermitian and representable.
Proof. (i) ⇒ (ii): it suffices to consider the GNS representation of the
unitized quasi *-algebra (Ae,Ae0) constructed (as in [11]) from ω
e, restrict
it to (A ⊕ {0},A0 ⊕ {0}), define π(x) := πωe(x, 0), ∀x ∈ A and take
ξ = ξωe = λωe((0, 1)) ∈ D(πωe) (but , in general, ξ /∈ D(πωe ↾ A⊕ {0})).
(ii)⇒ (iii): if π is a *-representation as described in (ii), then ω is hermit-
ian, and ∀a ∈ A0
|ω(a)|2 = |〈π(a)ξ|ξ〉|2 ≤ ‖ξ‖2‖π(a)ξ‖2 = ‖ξ‖2〈π(a∗a)ξ|ξ〉 = ‖ξ‖2ω(a∗a)
further ∀x ∈ A
ω(x∗a) = 〈π(x∗a)ξ|ξ〉 = 〈π(a)ξ|π(x)ξ〉 = 〈λω(a)|ζω(x)〉, ∀a ∈ A0
remembering that ξ = λωe
0
((0, 1)).
Let from now on (EHB) hold for ω.
(iii) ⇒ (iv): it follows easily that (L.3) holds for ω. Then, by Proposition
3.5 we get the result.
(iv)⇒ (v): assume that ω′ is a representable linear functional which extends
ω to Ae. Then, ω is hermitian and (L.3) holds for ω too.
(v) ⇒ (i): by hypotheses ‖ωe0‖H < ∞ and let γ ≥ ‖ωe0‖H . The proof of
(L.1) for ωe is standard, (L.2) follows from hermiticity of ω and (L.3) for ωe
follows from Proposition 3.5.
(iv)⇒ (vi): see Corollary 3.6. 
Remark 3.9. Let (HB) hold for ω0 = ω ↾ A0. Then, the linear functional
F (λω0(a)) = ω0(a)
is Riesz representable, i.e. there exists ξω0 ∈ λω0(A0) such that
ω0(a) = 〈λω0(a)|ξω0〉.
Now, ∀b ∈ A0,
ω0(ba) = 〈λω0(ba)|ξω0〉 = 〈πω0(b)λω0(a)|ξω0〉
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and, on the other hand
ω0(ba) = 〈λω0(a)|λω0(b∗)〉,
hence πω0(b)
∗ξω0 = λω0(b
∗); we can conclude that ξω0 ∈ D(π∗ω0).
If πω0 is self-adjoint, then λω0(a) = πω0(a)ξω0 , a ∈ A0. In particular, if
πω0 is bounded (i.e., if ω0 is admissible), then ξω0 is a cyclic vector for πω0
and ω0(a) = 〈πω0(a)ξω0 |ξω0〉; hence ω0 is strongly cyclically representable.
Conversely, with the same argument as in (ii) ⇒ (iii) in Theorem 3.8 it is
clear that, if ω is cyclically representable, then it enjoys (HB). We cannot
conclude it from the Theorem 3.8 directly, because the representation in (ii)
is not cyclic, in the sense that the vector ξ is not cyclic for π.
There are cases in which property (EHB) does not hold, as the following
examples show.
Example 3.10. Let us consider both the quasi *-algebra and the linear
functional of Example 3.2. There, we already observed that ω is representable
as a functional defined on the whole quasi *-algebra (hence (L.3) is satisfied
see also [4]) as well as restriction to the *-algebra A0. The functional ω is
hermitian, but it does not enjoy property (EHB).
Let us calculate, for any a ∈ A0 and for a fixed x ∈ ℓ2,
|ω(x∗a)|2
ω(a∗a)
=
|∑Nn=1 xnan|2∑N
n=1 |an|2
≤
∑N
n=1 |xn|2
∑N
n=1 |an|2∑N
n=1 |an|2
=
N∑
n=1
|xn|2 <∞.
Hence px(ω) ≤ ‖x‖22, but property (EHB) does not hold. Indeed, it suffices to
consider a sequence such that |ω(x∗)| > ζ‖x‖2 ≥ ζpx(ω)1/2, for every ζ > 0
i.e. such that∣∣∣∣∣
∞∑
n=1
xn
∣∣∣∣∣ =
∣∣∣∣∣
∞∑
n=1
xn
∣∣∣∣∣ > ζ
(
∞∑
n=1
|xn|2
)1/2
, ∀ζ > 0.
An easy example of this situation is obtained by taking x =
(
1
n
)
n∈N
. Hence,
the task of extending ω to the unitization of ℓ2 is hopeless, here.
Example 3.11. Let us consider the same functional and the quasi *-algebra
without unit of Example 2.3. Let us consider the functions fn ∈ L1(R)
⋂
L2(R)
defined as
fn(x) =
{
1/
√
2n, x ∈ [−n, n];
0, otherwise.
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They have unit norm, but
|ω(f∗n)| =
∣∣∣∣∫ n
−n
1/
√
2n dx
∣∣∣∣ = 1√2n2n = √2n→∞, as n→∞.
Then, property (EHB) does not hold. We already noted in Example 2.3 that
this functional is not extensible.
If ω is hermitian and properties (HB) and (L.3) hold but condition (EHB)
is not fulfilled on the whole A, it is possible to extend ω to a quasi *-algebra
with unit (D(ωe),Ae0) with D(ωe) ⊂ Ae. For this, let us restrict the linear
functional ωe defined in (3) to the vector space
D(ωe):={(x, η) ∈ Ae : ∃ δ(x,η) > 0 s.t.
|ωe((x, η)∗ · (a, µ))| ≤ δ(x,η)ωe((a, µ)∗ · (a, µ))1/2, ∀(a, µ) ∈ Ae0}.
We notice that D(ωe) contains Ae0 and ωe0 satisfies (HB) since ωe0 = ωe ↾ Ae0
is a positive linear functional on a *-algebra (with unit) and hence it satisfies
the Cauchy-Schwarz inequality. As for the algebraic structure of D(ωe), it
is in general a nonempty subspace of Ae. But there are situations where
something more can be said. For instance, let us assume that the following
condition of admissibility holds:
(ADM) ∀(b, ν) ∈ Ae0 there exists δ(b,ν) > 0 such that
ωe0((a, µ)
∗ · (b, ν)∗ · (b, ν) · (a, µ)) ≤ δ(b,ν)ωe0((a, µ)∗ · (a, µ)), ∀(a, µ) ∈ Ae0.
Remark 3.12. If A0 is a C*-algebra, then (ADM) is automatically satisfied.
Let us suppose that D(ωe) is stable under involution.
Proposition 3.13. Let ω be a hermitian linear functional on a quasi *-
algebra without unit, satisfying (HB) and (L.3). If ωe0 satisfies (ADM) and
D(ωe) is stable under involution, then (D(ωe),Ae0) is a quasi *-algebra with
unit.
Proof. The vector space D(ωe) contains Ae0 and is *-stable. Besides, by
(ADM), (b, ν) · (x, η) ∈ D(ωe), with (x, η) ∈ D(ωe) and (b, ν) ∈ Ae0. 
Properties (L.1)-(L.3) are hence satisfied by ωe on D(ωe) and ωeD := ωe ↾
D(ωe) is representable.
Let us maintain the notation of Section 2; for every (x, η) ∈ D(ωe), the
functional (x, η)ω
e
D : λωe
D
(Ae0)→ C with
(x, η)ω
e
D (λωe
D
(a, µ)) := ωeD((x, η)
∗ · (a, µ)),
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is linear and bounded. By applying the Riesz lemma, we can prove the
following.
Theorem 3.14. Let ω be a hermitian linear functional on a quasi *-algebra
(A,A0) without unit, satisfying properties (HB) and (L.3). If (D(ωe),Ae0) is
a quasi *-algebra with unit then ωeD is representable.
By Proposition 3.13, then we have the following
Corollary 3.15. Let ω be a hermitian linear functional on a quasi *-algebra
(A,A0) without unit, satisfying properties (HB) and (L.3). If ω
e
0 satisfies
also (ADM) and D(ωe) is stable under involution, then ωeD is representable
on the quasi *-algebra with unit (D(ωe),Ae0).
Remark 3.16. If ωe0 satisfies (ADM), then the GNS-representation re-
stricted to Ae0, constructed from ω
e
D, is bounded.
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